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INTRODUCTION
Mass separators of hollow fiber membranes have application in several areas, such as in dialysis, metal or non-dispersive solvent extraction, gas separation, artificial oxygenation, and removal of pollutants from industrial waste streams (Urtiaga et al., 1992) . This device is formed by a large number of modules containing several synthetic tubular membranes that can promote the separation of two or more phases, restricting the transport of many chemical species and selectively transporting other species (Porter, 1990) . There is great interest in the study of supported liquid membranes because they can promote the selective separation of a solute between two aqueous solutions. The procedure consists of immobilizing an organic liquid (solvent) in the micropores within the porous structure of the membrane, to promote the transfer of the solute by the membrane through diffusion, accompanied or not by chemical reaction (Cardoso et al., 2009; Kim and Stroeve, 1988 , 1989 , 1990 Urtiaga et al., 1992) .
Supported liquid membranes can be applied in various processes such as separation of metals (Cardoso et al., 2009; Lakshmi et al., 2004; Swain et al., 2004) , wastewater purification (Hosseini et al., 2016) , and pervaporation (Rdzaneck et al., 2018) . This technology offers advantages as facilitated transport mechanism, high selectivity, easy scale-up, low energy demand, and low operational cost, and it is an alternative to the traditional separation and purification processes (Kocherginsky et al., 2007) . However, the use of this technology on an industrial scale is still reduced due to instability problems of the organic phase impregnated in the porous structure of the membrane, whose losses can contaminate the stripping solution and reduce the separation efficiency (Kocherginsky et al., 2007) .
The mass transfer rate is limited by the transport of the solute through the membrane and it is characterized by the wall Sherwood number (Sh w ), which is defined as the ratio of the mass transfer resistance in the fluid to that in the membrane. If Sh w → ∞ then the mass transfer resistance in the membrane can be neglected and the solute concentration in the membrane wall can be considered constant, and the problem formulation becomes similar to the classical Graetz problem in heat transfer analysis. For Sh w = 0, the resistance in the membrane is dominant and the problem has a prescribed flux condition at the fluid-membrane interface. High values of Sh w ensure improved mass transfer rates through the membrane and a high selectivity for the separation process. For a fluid with several components, it is necessary to choose a membrane that allows a higher Sherwood number for the component to be separated in comparison to the others. A relatively high Sherwood number can be obtained by using liquid membranes containing a suitable liquid to ensure a high distribution coefficient for the solute (Urtiaga et al., 1992) .
The mass transfer process can also be improved through the use of carrier species which selectively and reversibly react with the solute by promoting its transport through the porous liquid membrane. These carrier species should be retained in the membrane due to limitations of solubility. This transport favored by a carrier species is known as carrier-facilitated transport (Kim and Stroeve, 1988) .
Mathematical models that govern the mass transfer process in hollow fiber membranes involving chemical reaction are generally nonlinear due to reaction kinetics and, therefore, require the application of numerical or hybrid analytical-numerical methods to construct the solution. Hybrid methods are in general advantageous over purely numerical methods since they explore known analytical ideas within the computational procedure, in an attempt to achieve results of higher accuracy and lower computational cost, and are naturally preferable in time-consuming computational tasks such as optimization and inverse problem analysis.
The Generalized Integral Transform Technique (GITT) is a well-established tool in the hybrid numerical-analytical solution of various classes of linear and nonlinear diffusion and convection-diffusion problems (Cotta, 1990 (Cotta, , 1993 (Cotta, , 1994 (Cotta, , 1998 Mikhailov, 1997, 2006; Cotta et al., 2016a) . This method can be viewed as an extension of the Classical Integral Transform Technique (Kakaç et al., 2018; Mikhailov and Ozisik, 1984; Özisik, 1993) and consists of constructing the solution to the desired potentials as an expansion of orthogonal eigenfunctions, obtained from the proposition of a suitable eigenvalue problem, that, as much as possible, should incorporate information on the original problem for improved convergence.
In most of the previous implementations of this approach, linear eigenvalue problems have been proposed in providing the basis for the eigenfunction expansions. Typically, the original nonlinear problem formulation is first rewritten by retaining characteristic linear coefficients in the transient, diffusive, and dissipation operators of the partial differential equations, while transporting the remaining nonlinear terms to a rewritten nonlinear equation source term. Again, the same formulation interpretation is adopted in case those nonlinear boundary conditions are present. Then, such characteristic equation and boundary condition linear coefficients naturally lead to the eigenvalue problem choice to be employed in constructing the expansions. Recently, a variant in the GITT approach has been advanced, based on retaining the original nonlinear operator coefficients in the eigenvalue problem proposition (Cotta et al., 2016b) . This methodology has been demonstrated in diffusion problems with nonlinear boundary conditions, which (Cotta et al., 2015 (Cotta et al., , 2016b Pontes et al., 2017) clearly illustrate the relative gains in convergence enhancement in comparison to other alternative convergence acceleration schemes, such as filtering and integral balances.
The present contribution is focused on the analysis of the convective-diffusive mass transfer related to the transport of a solute through polymeric hollow fiber membranes, undergoing diffusive or diffusive-reactive separation, as modeled through a nonlinear boundary condition. The novel GITT variant with nonlinear eigenfunction expansion is then employed, and critically compared to the more traditional approach of employing a linear eigenvalue problem basis but adopting a nonlinear filter scheme for convergence enhancement. The aim is to analyze the computational performance achieved by both approaches, before selecting the most adequate solution path for a broader physical analysis. Then, the influence of the governing parameters on the mass separation process in tubular membranes is investigated. Comparisons are also performed against results from previously reported numerical implementations, in order to verify the algorithms and demonstrate the potential of this technique in dealing with such class of nonlinear problems.
PROBLEM FORMULATION
The mass separator will be studied assuming that each hollow fiber membrane within the device exhibits a similar behavior, and thus assuming that modeling the mass transfer process for one single membrane is then sufficient to represent the overall physical performance of the separator. The membranes are suitably supported on the porous walls of the hollow fiber whereby the solute is transported by diffusion or diffusion-reaction, according to the characteristics of the material used in the membrane composition and its affinity with the solute. A schematic diagram of the hollow fiber membrane is shown in Fig. 1 .
The partial differential equations that govern the mass transfer process in the mass separator were presented in the literature Stroeve, 1988, 1989; Urtiaga et al., 1992) , based on the mass conservation principle, assuming steady-state fully developed laminar flow of a Newtonian fluid containing the solute to be separated through the hollow fiber membranes, by diffusion or diffusion-reaction effects. The fluid enters the separator with known uniform concentration C * e and the separation process starts at z = 0, where the fluid comes into contact with the supported
FIG. 1:
Schematic representation of the hollow fiber geometry and coordinates system, with the supported liquid membrane liquid membrane. The solute permeates through the liquid membrane by diffusion or diffusionreaction process, and on the other side of the fiber reacts instantaneously with the stripping solution, so that its concentration is equal to zero. The axial diffusion effect is neglected compared to axial convection and radial diffusion. The dimensionless mathematical model is thus given by
where r = r * /R is the dimensionless radial coordinate, z = z * D u m R 2 is the dimensionless axial coordinate, C = C * /C * e is the dimensionless concentration of the solute, and U (r) = 2(1 − r 2 ) is the dimensionless velocity profile of the fluid. Equation (1c) represents the symmetry condition at the channel center line, while Eq. (1d) is a nonlinear boundary condition that imposes the continuity of solute flux across the membranefluid interface, which makes it unlikely to obtain a fully analytical solution for this problem. In this case, a reliable numerical or hybrid numerical-analytical method should be employed to obtain an accurate solution.
The term f (C) in the boundary condition Eq. (1d) is defined according to the assumptions adopted for the transport of the solute through the membrane. For instance, Urtiaga et al. (1992) assumed a linear dependency of the equilibrium distribution coefficient on the solute concentration. The equilibrium distribution coefficient is defined as the equilibrium distribution ratio of the solute concentration in the liquid membrane to the concentration in the fluid side. In this case, the solute is separated only by diffusion through the membrane, and the term f (C) and the dimensionless groups are defined by Eqs. (1e)-(1g), respectively:
where h o is the value of the distribution coefficient for infinite dilute solutions and
is the shape factor based on the inside radius (Noble, 1983 ). The mathematical model proposed by Urtiaga et al. (1992) can be applied in the analysis of the separation process of toxic phenolic solutes from water through liquid membranes, for which some solvents have a distribution coefficient depending on the concentration of phenol. Kim and Stroeve (1988) considered that the solute may be transported through the membrane by carrier-facilitated transport, promoted by a complexation reaction with carrier species contained in the membrane, which provide improved mass transfer rates and high selectivity. The solute-carrier complex AB is obtained from an elementary and reversible equilibrium reaction between the solute (species A) and carrier (species B) inside the membrane, with the kinetics represented in Eq. (1h). The term f (C) and the dimensionless groups can be defined by
The mathematical model proposed by Kim and Stroeve (1988) can be applied in the removal process of CO 2 from synthesis gas, using a reactive carbonate solution immobilized in microporous polymeric membranes. Kim and Stroeve (1989) also considered that the solute can be transported through the membrane by carrier-facilitated ion-pair transport, promoted by an ion-pair formation and complexation reaction. First, the cation A (solute to be separated) reacts with the anion B leading to the species AB, with kinetics defined by Eq. (1n). Then, the complex ABP is obtained from the reaction between the species AB and the carrier P , with kinetics defined by Eq. (1o). Both reactions are considered elementary and reversible. The term f (C) and the dimensionless groups are defined by Eqs. (1p)-(1t), respectively,
The mathematical model proposed by Kim and Stroeve (1989) can be applied in the transport of mono-and divalent cations through chloroform-saturated membranes containing crown ether carriers.
SOLUTION METHODOLOGY
As an alternative to conventional numerical methods, the hybrid numerical-analytical approach known as GITT (Generalized Integral Transform Technique) (Cotta, 1990 (Cotta, , 1993 (Cotta, , 1994 (Cotta, , 1998 Mikhailov, 1997, 2006; Cotta et al., 2016a) will be used to construct the solution of the given problem, as an expansion of orthogonal eigenfunctions defined from an appropriate eigenvalue problem. Following the solution of the eigenvalue problem, the dependence of the radial variable r is then removed through integral transformation of the partial differential equation, leading to a system of coupled ordinary differential equations which must be solved numerically for the transformed concentrations.
Two variants of the eigenfunction expansion will be here analyzed. First, as a major goal of the present work, a nonlinear eigenvalue problem will be adopted, which incorporates the nonlinear diffusion-reaction effects at the interface fluid-membrane. In this first solution variant, the circular geometry and velocity profile are not accounted for by the eigenvalue problem choice, so as to provide simpler eigenfunctions. It incorporates the boundary condition nonlinearity, generating nonlinear ordinary differential equations for the determination of eigenvalues, to be solved simultaneously with the transformed system. In the second solution variant, both the circular geometry and the velocity profile are incorporated into the eigenvalue problem formulation, which yields Laguerre polynomials as the basis for the expansion, but without incorporating the boundary nonlinearity, which must then be a priori homogenized by the application of an implicit nonlinear filter, within a constrained range of the governing parameters.
Nonlinear Eigenvalue Problem Approach
Here, a recently introduced integral transforms approach (Cotta et al., 2016b) , based on the adoption of nonlinear eigenvalue problems, will be further investigated. There is some computational advantage, as will be seen further ahead, in adopting a simpler eigenvalue problem formulation that does not account for the circular geometry and velocity profile information, but instead directly incorporates the nonlinear boundary condition information. Following this alternative, the proposed nonlinear eigenvalue problem is given by
Making use of the orthogonality property of the eigenfunctions, the following integral transform pair can be defined:C
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where the kernels Ψ i (r; z) are given by the solution of the eigenvalue problem, Eqs. (2a) and (2b). This eigenvalue problem has a known analytical solution given by
with N i (z), the normalization integral, given by
The proposed eigenvalue problem is typical of diffusion problems in Cartesian coordinates, but it was chosen to allow for the analytical solution of the integrals obtained along the integral transformation procedure, thus avoiding costly numerical integrations.
The integral transformation of Eq. (1a) is accomplished by applying the operator 1 0 Ψ i (r; z)(.)dr and making use of the boundary conditions given by Eqs. (1c), (1d), (2b), and (2c), yielding the transformed system of ordinary differential equations below:
where
The inlet boundary condition given by Eq. (1b) is transformed through the operator
For the solution of the infinite coupled system of nonlinear ordinary differential equations (ODE) given by Eqs. (5a)-5(f), one usually needs to make use of numerical algorithms, after the truncation of the system to a sufficiently large finite order. For instance, the built-in routine NDSolve of the Mathematica system, Wolfram (2015) , may be employed, which is able to provide reliable solutions under automatic absolute and relative errors control. Then, the inversion formula, Eq. (3b), can be recalled to yield the concentration field representation at any desired position r and z.
Replacing Eq. (4a), obtained for the eigenfunction Ψ i (r; z), into the nonlinear boundary condition, Eq. (2c), one may reach the transcendental equation for µ i (z):
Taking the derivative of Eq. (6a), it is obtained an ODE system for µ i (z), in the form:
The derivative of f (C(1, z) ) is evaluated for each model as
• Kim and Stroeve (1988) :
• Kim and Stroeve (1989) :
The inlet boundary conditions for the eigenvalues ODE system, Eqs. (6b)-6(f), can be obtained by the evaluation of Eq. (6a) at z = 0. At z = 0, there is a prescribed concentration condition, but when computing the eigenvalues for this inlet condition, the inverse formula for the concentration should be employed in Eq. (6a), to be consistent with the substitution performed in deriving Eq. (6f) for its derivative evaluation.
Nonlinear Filtering Solution Approach
Employing a nonlinear (or implicit) filter solution can be a very effective strategy to account for the nonlinear source term and avoid a slower convergence behavior of the eigenfunction expansion (Cotta and Mikhailov, 1997) . In order to remove the nonlinearity of the boundary condition [Eq. (1d)], the following nonlinear filter solution has been proposed:
where C h (r, z) is the homogeneous potential solution and C f (r; z) is the nonlinear filter solution. The filter solution is then obtained from the following problem formulation:
while the nonlinear boundary condition and the filter solution for each model is given as
• Urtiaga et al. (1992):
Since the first boundary condition, Eq. (8b), eliminates the logarithmic radial dependence in the filter, the resulting filter solutions are given by functions of the axial variable only, C f (z). Equations (8d), (8e), (8g), and (8h) establish nonlinear relationships between the filter and the homogeneous concentration at r = 1, for these particular forms of the boundary source terms here analyzed. It is only possible to obtain a real solution for Eqs. (8d) and (8g) if the following conditions are satisfied, respectively:
In addition, the mathematical model proposed by Kim and Stroeve (1989) does not provide an explicit relationship for the nonlinear filter, following the same proposal shown above, and is therefore not included in the comparisons that shall be here performed between the two solution variants.
After finding the filter solution, the problem to determine the homogeneous potential can be analyzed, which is defined by the following equations:
As it can be observed from Eqs. (9a)- (9e), application of the nonlinear filter results in a linear and homogeneous boundary condition, while a nonlinear source term is created in the partial differential equation, Eq. (9a). The GITT methodology can also be directly applied to this homogeneous problem with a linear boundary condition at r = 1. For this purpose, the following linear eigenvalue problem was chosen:
The eigenvalue problem above defined has analytical solution in terms of Laguerre polynomials:
After the eigenvalue problem solution, the transform and inverse formulae for the homogeneous concentration can be defined as
whereΨ i (r) is the normalized eigenfunction defined as
The integral transformation of Eq. (9a) is accomplished by applying the operator 1 0 rΨ i (r) (.) dr and making use of the boundary conditions given by Eqs. (9c), (9d), (10b), and (10c), yielding the transformed system of nonlinear ordinary differential equations:
The inlet boundary condition given by Eq. (9b) is transformed through the operator
Equations (13a)-(13c) form a coupled nonlinear system of ordinary differential equations that are numerically solved by appropriate computational routines, such as the NDSolve intrinsic function of the Mathematica system (Wolfram, 2015) . After the numerical solution procedure is concluded, the concentration profile is recovered through its respective inversion formulae and the proposed nonlinear filter solution.
After the solution of the concentration field is available, through either one of the solution variants, the average solute concentration along the channel can be analytically derived through the following relation:
RESULTS AND DISCUSSION
The results presented in this section were obtained through a mixed symbolic-numerical computational routine built on the Mathematica v.10 platform, and employing the subroutine NDSolve for the solution of the nonlinear transformed ODEs systems, Eqs. (5), (6), (13a), and (13c). Numerical results were generated through the two solution variants explored in this work and are compared with results available in the literature, also as a way of numerically verifying the developed computational code.
Tables 1-3 present the convergence behavior of the dimensionless average solute concentration at different positions along the z direction and for increasing truncation orders NT of the transformed ODE system. Two different combinations for the parameter values are investigated to evaluate the influence of the nonlinear term on the convergence of the series solution. Table 1 TABLE 1 Kim and Stroeve (1989) GITT with nonlinear eigenvalue problem Sh w = 1, α = 15, and β = 1000
Sh Tables 2 and 3 present the results obtained from the mathematical models proposed by Kim and Stroeve (1988; 1989) , respectively. The present solution with nonlinear eigenvalue problem provides a marked improvement on convergence rates over the previous more simple GITT implementation (Cardoso et al. 2009 ) and ensures in all cases five or six fully converged significant digits, in the whole axial variable range analyzed, with truncation orders as low as NT = 40 or NT = 60, depending on the parameter values. The solution obtained through the GITT with nonlinear filter has also achieved an excellent convergence rate, reaching again five or six converged significant digits with truncation orders of NT = 40 or NT = 120 in each set of results of Table 1 , and six converged significant digits with NT = 12 terms and five digits with NT = 120 terms, in each of the two sets of results of Table 2 . The results are in excellent agreement with previous results from the literature as well. The present set of results suggests that the simulations with parameters that increase the relative importance of the nonlinear boundary condition term, especially for the second solution variant that employs a linear eigenvalue problem, require higher truncation orders in the transformed system to ensure the same convergence level.
Tables 4-6 provide, for each of the three models, respectively, a convergence analysis of the nonlinear eigenfunction expansion variant only, by considering a fixed maximum value of the truncation order (NT max = 50) and inspecting the convergence behavior of both the local concentration C (r, z) and of the average concentration C av (z), for increasing number of terms in the fixed expansion, for N = 6 to 30, in steps of 6, for the local field, and N = 4 to 20, in steps of 4, for the average field. This analysis allows one to verify that the convergence of the eigenfunction expansions is indeed outstanding once the nonlinear eigenvalue problem is adopted as the expansion basis. The local concentration field is fully converged to four or five significant digits, in the worst case, with just 30 terms in the expansion, which occurs for the lower values of the z variable and at r = 1. As for the average concentration, again in the worst situation for z = 0.01, five or six significant digits are converged for N as low as 16.
Tables 7 and 8 present a comparison of the dimensionless average concentration values between the two hybrid solution schemes explored in this work, against available literature data. The GITT results here reported were obtained with a fixed truncation order for the transformed system, with NT = 60 for the nonlinear eigenvalue problem solution in both Tables 7 and 8 , and for the nonlinear filter solution, NT = 120 in Table 7 and NT = 250 in Table 8 . One may observe Kim and Stroeve (1988) .
the expected excellent agreement between the two converged GITT solutions, which provide a verification of the purely numerical results of Urtiaga et al. (1992) and Kim and Stroeve (1988) , with an adherence to at least two significant digits in all positions and parameter values considered. Kim and Stroeve (1989) This comparative analysis is complemented through Figs. 2-4, which provide the profiles of the dimensionless average solute concentration along the length of the hollow fiber membrane, for the three different models, respectively, and for different values of the parameters. The GITT results were obtained with a truncation order for the transformed system of NT = 50. To the graphical scale, it is quite clear that the two hybrid solution schemes here employed are coincident, and in excellent agreement with the previously reported results (Urtiaga et al. 1992; Kim and Stroeve, 1988; 1989) . It is also clear that the average concentration of the solute is strongly influenced by the values of Sh w , γ, α, and β. The nonlinear filtering solution here adopted leads to a complex domain solution for values of γ less than zero. For this reason, in the following graphs, there are no curves of the nonlinear filter solution for negative values of γ. The solution scheme with the nonlinear eigenvalue problem, here emphasized, does not have this sort of limitation, being valid for any value of γ. The nonlinear filter solution was not implemented for the third model (Kim and Stroeve 1989) , and for this reason only the nonlinear eigenvalue problem solution is provided in Figs. 4(a) and 4(b) .
Figures 2(a) and 2(b) illustrate the influence of the parameter γ on the average concentration of solute for the Sherwood numbers Sh w = 0.1 and Sh w = 1, respectively. γ is related to the variable distribution coefficient depending on the solute concentration along the separator. It is possible to observe that with the increase of γ, there is a considerable improvement in the mass transfer rates of the solute through the membrane. For positive value of γ, the variable distribution coefficient is higher at the entrance of the separator where the solute concentration is maximal and it decreases along the channel as the solute concentration decreases. For negative value of γ an opposite effect occurs.
Figures 3 and 4 illustrate the effect of the maximum facilitation factor α and the dimensionless equilibrium constant β on the average concentration of the solute in the membrane. α is defined as the ratio of carrier-facilitated transport to purely physical transport of solute. High values of α ensure a more efficient transport of the solute through the membrane, according to Figs. 3(a) and 4(a). β gives a measure of the intensity of the complexation reaction and has an Kim and Stroeve (1989) with Sh w = 0.001 and β = 5; (b) Effect of parameter β on dimensionless average solute concentration for the model proposed by Kim and Stroeve (1989) with Sh w = 0.001 and α = 1000
CONCLUSIONS
A nonlinear convection-diffusion mathematical model for the mass transport of a solute through hollow fiber membranes is here analyzed. The Generalized Integral Transform Technique (GITT) is applied to solve the mathematical model considering two proposals for the eigenvalue problem: a formulation that does not account for curvature and velocity profile coefficients but incorporates the nonlinearity of the boundary condition, and must then be simultaneously solved with the set of ordinary differential equations for the transformed concentration field, and another formulation with a linear eigenvalue problem that includes geometry and velocity field information, but does not account for the nonlinear boundary condition. This second alternative then requires the development of a nonlinear filtering solution to homogenize the original nonlinear boundary condition, moving the nonlinear effect to a new nonlinear source term in the convection-diffusion equation itself. Both hybrid solution schemes, either with the nonlinear eigenvalue problem or with the nonlinear filter, have markedly improved convergence rates with respect to the plain GITT solution with a linear eigenvalue problem and without any filter, previously implemented with very high truncation orders. The proposed solution with a nonlinear eigenvalue problem reaches six significant digits convergence with truncation orders as low as 40 to 60 terms. The agreement between the two GITT solutions schemes is remarkable, for different values of the governing parameters, as well as with other available purely numerical solutions of the same problem. The implemented nonlinear filter solution does have some limitation in certain range of the governing parameters, and requires that other possible filters be searched for. The proposed GITT approach with nonlinear eigenvalue problem results from a general methodology for convection-diffusion problems with nonlinear boundary conditions. It may even be further improved in terms of convergence rate, by either considering an eigenvalue problem that incorporates all the original spatial operators of the partial differential equation and/or by considering complementary convergence enhancement techniques, such as an analytical filtering solution to reduce the importance of source terms eventually present in the problem formulation.
